86 Limks cf Functions
e-8 *beg‘nrbm

Recall : Stwsﬂe variable caleulus

'Defin'r(:ion 6.1 (lnformal)
(f fm 3€ES closer and closer to a real number L as = 3€ES closer and closert 4o <

-fmmbdﬂr\ sides, then L is calld the limit cf-ftﬂ ak ¢, and wewv‘l'(:e__li_@cfw=L.
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Remark i(m_feo studies e behavier cf 'T ‘near” x=c but not the -Hre behavier c§ 'T

exac'cha at x=C.
Ew\mFle. 6.1

Let DR {1} and ek -)2 D—-R defmed b‘é‘r —5@0311—‘

Im -feo fiwa 22X -1 11 1- = lm dxal =D

x>t Y, ‘6"?(70
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7 i >x

Remark :
%zl is net in the doman D ,}2 -f . bt we can still discuss ﬁ!‘.f"" :
The main veasen is -that -fvr dl rso ., BLoDE¢ . ie | s a cluster Fc\v\'t cf D.

Bl

l-v { x I+

x s close” to | and ‘f(x) is well-deﬁmed




Def'm'rﬁon 62 (-8 deih/\'rtiov\‘)

Lek DER , c be a cluster Poiv\'b cf D and f:b—ﬂk be a.fw\ction.
LeR ismid-(:o\oe-ﬁf\ehmrtoffdb'the-Poiwbc,andwewﬁEei&ncf&=L,f
for all €>o, there existe 8>0 such -that l‘f&)-Lki 'fb" all xeD wdh o<lx-cl<8 .

%'F Y= Jeo

Foo e -
T
-2 -
/ o .
/ c-§ c(c—es *
xX

e X¥C

He.qr\ina: No matker how small € s 8Nen,
we  can aluo;as —ftv\el >0 sucdh drat \‘T xeD wth o< distx,a)<S
Hen Lo lies in Hhe €-tuwnnel (£ -neighborhood L)
3 4

E»w?le 6.1 (Continue)

Let DRt and lek £: DR defined by -ﬁ(xh_)—f-i*‘

-1
) P | -
Prove. that J&ﬁ\fe"”a(&%‘?’ b'é e-S defweovx.
Given €30, how to chocse Sso sudhn Haat 3
3+ ——-
l-fbo-?ks. for all xeD with o<kx-1l<8 ? N
v
- _2_—_
lm“; sl<e C: -fu)g).x-n when #1t) s
()-x.-;.ki
(X«-!(<‘% - c'l'\oose. S:% L // l —>

presf
Gven £>0. %ake T:%so . then for all xeD with oslx-<8.&,
we have [2x-al<€

[Qx+0-3l<e

% -\
=1

I'T(?O-Sl <%
oo feo -3

-3|<£



Na'tw-allua, we can extend deftv\rbiw\ 6.3 o hlﬁ‘r\er dimensional cases :

Defm'rﬁon 63 (-3 dzﬁhr\\'bev\‘)

Let DR, 2 be a cluster 'Foiv'rb cf D ad f:‘D—ﬂR be a.fmc(-jon

LeR is said to be the limt of f at the -Foiv\'b 2, and we write ilti_v:\tf(i)ﬂ_, f
fbr all €50, there exists 8>0 such -that I'EG?.)-LRE -fbr all XeD wridrh o<&-Sl<S .

Remark : l-f DR s uFenbaenermse L&-.l.evena -row\'t 2ed isackAsba'--Folwt c’f'b
ad So tk makes Semse o ask wheﬂr\erér_v:\tfa} exists or nst .

E\mmF‘e, 6.2

%
Let Soy s 4. Show that  lm fxuy -0
7(.-Ha, (x,-y-»(o,u)
Remark : The maximum  domain of f =D - Rifo.o and (o.0) 1s a custer -Fa‘mb tsf- D.

So tt wmakes serse +to discuss -f(x -
-y-’(on)

Siven €50, how to choose S50 such Haat

l-?(u.,v.a\-oki -for- all xeD with o<lay -l <8 2

$ §

e ¥V}
[ﬁ— 0|<2. O<J’x-«-‘<§
7(,-4-16 ‘6
3 lta\ )

L\-lx\
@ <%t =l (.0)
T |

Great ! On\‘a need o combrol (xl,
bust 1t con be cone since bd<.]£’-n6‘<8
prosy
Given €30, -take 8=i>o -Hhen -jor all. xeD withh o<let.g)-Co,d( <8,

we lhave bd<.] la <8=— and J—<( Thew ,

x-ua
L‘. k3
l'?(‘k.'-as °‘“‘ﬁé— Ol 1‘-£§_<4'%'l=i

hW\ 1,‘6) = O
(x,-y -(0,0



14-(3
The. maximum  domain of -5 =D -'Hit\i(x,ca)eﬁzx-\-‘a-:c'i

and (0.0) s a cduster 'FQME: uf' D.

So & wmakes sense to discuss lim -f(x,«a).
(7.,?-9(0,0)

(0,00 s a custer

kY kY
[in ) = lin X-B-X- it D,
(x,(y-’(o,cb—fu % (X,ly-’(o,o) 1+ta Fa s?

- lim (1+3\(1- 3-1
(x,ly—v(o,o) 1+l3

(-,“a)_,(erx-‘a :
==
; wrrke ln X-A-X-w
R%av-k Some. Maé (x,uy-l:?o,o) 1""3
*+ydo
Exercise 6.1
By vaing S-e deflvtion. shoo that i KogoXon

(x,ny—»(o,o) '1+(3
pro=f -

Llet D- {(x.u%) R . Xty $o%.

Siven €>o, take 8=%>o . Hhen -5“' all xeD with O<leg)-c0,.dl <8,

we |have bd<.]-x’.'—na’<8=% and ‘\g\<,]'x’.'-ua‘<8=i

X

lf(x.@ ol = lﬂfﬁ_ (—l)‘:lx-‘a[<\x‘+\%‘<i*__?‘
M Nete s l-f xapeD ., x+no

ks R Y
. lim X-y-X-q@ -\
(x.ay-e(o,o) '1-\'(6
Exercise 6.2

-3
Let -?(1 |6)- :E+Jg )

a) Find e maximum doman D cf -E and hence show that (0.0 is a duster Fomt o-f D.

b) Evaluate . -a)-i(o o)'f(x ta)




-‘Def'm'rﬁon 64 (€-S deftv\'rben‘)
Lek DeR', 2 be a clusker Poiv\'&, cf D axd f:'D-—ﬂRMIoe a.fw\ction
LCeR" is soid 4o be the limt cf f at the poivt 2, and we write gh-'l"z:f(%'t’ i

-fm— all €50, there exists S>o0 such ‘that |-§eu-t1<~a -jw all TeD wth 0<E-Bl<S .

Think: | et -f-.Rs—»(R; be a fw-chon and we wrtke f(x.-a,z)acf.(x.ca,a,f,(x.ca,a)
where. -f. .-g,- R >R are o real valued -fw\cl:iw\s

2
Question f(x 2 =L, and [iwn ,(x,wa,zb o s [inn (x,«a,z) =CL,, L)
X “ z)—-u. Go2a) (x.na,z)—v(x-.xa.,z.i (z.g,z)—-(x.,ca.,z.
2
Queestion 2.: (ina Ly =l b = linn ‘S.(x.wa,z) =L, and [inn g =l
g ) > Chgo 20 Ly D)= Getgo2e) Ky D2 Chge2e)

Answer : Yes . -for betn !
The reason is %\A‘H‘.e s'umFle . nste daat lf(x,ca,z)-(L“LJ‘: l-f.(-x,\a,z%\.l[;-(. l-f,_(x.ca.z) -L_,,\;,
as ('x.ta,z) “tods o (o, 4. 20)

If(x,ca,z)-(l_.,l_.)l is 32'&&»-3 Smaller <« botih lf.&x.na,z\c-L.l and ‘f,_(x.za,z) -l are 32'&('«\3 Smaller
ALY

lf(x,ta, 2) -, | |f;.(x.ta.z) =Ll

(., 2 T 0n 2) ., ,z)) l oy 2) = bl
Fougorfogn § ey

ln 3ene.m\, if DeR , 2 be a cluster Po‘w\'&. °f D and f:‘D—ﬂRM be a fmc&ion

we  wrte -g&h-f(u..n,---,xu)-(-f.(x.,x.,---,xa).f;(x.,m,---,xn),---,fm(u..w.,-n,xn)) , we have :
'-R’U‘FOS?'HOV\ 6.1

3éi:n?!-fc;t)=1:‘_=cL..L;,---,L,,..3e‘l{"' zf ond ovx‘\% 'f 4‘-‘1"2: -f;ctsgL-. -fuv- all i=1.3,-,m
Covxse%o\ev\cet e s 3ood ey\ouj"\ + —Yuc.ms on_real valued -fw\c&’«w\s.

ExamF‘e, 6.4

Bvaluate lim (et '1+1+|.a+z) .
(1.«.3,2.)—)(0,0,0)
Note —Brat fim e .| axd liwa 1+1+;A+7_-1 .
(x.ta,u-rto.o.t» (x.ta.z)-v(o.o.o)
" ltwa (e, 'J.+1+|.a+z) < C ltwn S Ml fima 2+1+‘a+7_ ) = C,2)
(x.ta.z.)-v(°.0,°) (x-a.:.)-v‘LO.OIO) (x.ca.z)-v(o.0.0)




Non - existence. o-? Limtts

/

f'-"b—»TR

B o"w she®
i R

For one. dimensional case , x can %e:t closer to %o ‘fh»v\ lej&. ard ﬁgkh hand side._.
However , -for l'\i%'/\ex— dimensional case , there are "“‘"‘6 choices .

An vaaloaue +o the -fo.c(', Ji:v\xg-f(x) I PN Jl:;;-fu) = lim -fﬁo = n_one dimension , We |have

XL
"RfoFosrBw\ 6.2

Let DR and let R eR such that BUZD D for Some  r>o and let ff'])—ﬂR.
Jirn!‘-fu)-L. r? and cm\ua l? for ary cwve Y:(2.8) 5B with Y=, . we have _tli_zna(fef)(-&hL_

¥, (F¥)

Emn?le 6.5

kS

& & 2
Let f@.‘anl'—‘gg%-t'ﬂ- X po.0)
4 o
[ f(—x,‘ay SN (VR S\ S o X7 R PR . 7 e (s B [ i S O
Gap-(o.0) .0 g o) TG 0.0

b % 2 A
Let fu.\anlr—‘i;i'%ﬂ

Let Yk =(+,0) , £e® . Then Y(o)=(0,0) and

Gl e have &‘;;m “)fu,\an 1

K}. X* X
lim Bo¥3 = lim -fc‘(&» = lim -f(-t o= lim £l lim 1+€=1 ®
40 f v +-0 ' +-0 ‘ 420 L 40 i
Let Xty =(o. 6  +teR . Then Xor=(0,0) and
£ > 7 K
= e = <+ = - =
_mef.n)ce- -l_'-'l’é, e -ll'.'é Fo _l!_l_.mo = -l'-‘l"é (- =
Let Yebi = (£, €eR . Then %)= (0,0 and

4 4% a2 2
o - . - -ttt |
i o fm S i Fevna fmy SEEE -

Exercise: Lebt Y@=, €), teR  Check Yo =,00 and see rf _irgbcf-‘(.,)et)-l.



[n %eneral, tt would be d‘ﬁ*mu&, to use -'FmFosH:iov\ 62 to -Fvwe ?.l::g, -fGD exists
Since theve are infini-‘:e\.a many s‘(wxP\e curves +n be drecked.
However , we can use vt o prove a limit does not exist.
Recall the (-dimensional case b‘a shouiv\% “that eirther
1 |ivn+‘f(=0 does not exist or l\m_fm does not exist:
KA AN

2) Both hm_'_‘f(‘:o and Ilm_feo exist , but lim feo # lim Feo .,

2>t %30, %38 2,
we know  lim -feo does not exist .
FETR

The av\aloaue in \ni%\ner dimensional case b‘a Slf\o\.)iwg that  erther

) There exists a curve ¥ Wt Yo)=3, but _'llig‘o(-fa‘()cb does wnot exist :

2) There exist curves Y, and ¥ with  Yio)= Vo) =Ry bk _&t:g(-on.)ces f_&::o(‘f- AT
we kinow éri-faab does not exist .

Remark : This reswtt can be  exbended smu% o ‘f.«vsChowS wrdh  various  dowmains .

EYamPle 6.6

L.e:(: j(i,!a)asin(#é—) . (':L,?#(o.o). Show -that  lim (X.la) does not exist.

(!-.ta) =(0.0)

= = o = = = i l—
Let Ytr=(o.4) . Then Y(o)=(o,0) . but _Ll_n(-f N _Lln-fdctn _Lm-f(o:l:) _Lmsln(_e) does NoT exist .

lim S does not exist.
&Ia\-t(o.o)

Esmr?le. 63

Let f(i,!a)a%:giﬂ‘— - Gy #Gee).
Show “aat  lim (i,ta) does net exist.
(Na)-b(o.o)

Let ¥ =(t.0) and Y =C(o.4). Then, ¥(o) = ¥(o) = (0,0 , but
. . - 2t | .
_!!_l_% c-f-\’.)(-e) = Ll_v.v:, Feen = _‘!_I_v.v:, Fec.or= liva lim 2 52

L 3 = = = £ = 3
_!!_I_% (-f 2 405 -&:c‘: 'f“;.t)\ _Lim, -f(o,'t) [iva _Li_% s

-ul;i-":'o SRRSES "-ul;l-"fo Sty and u.%l,;“-"»:o,a Gy does not exist.

Exercise 6.3

L XY
Let -f(x.a) Ty
) Find -tre wmaximum domain D c? -f and show -that (0,0) is a cluster Pomt o§ .

b) Show st lima L does nst exist.

bt.ia) =»(0,0)




Esw\n?'e. 6.8

x®
L.Eb j(i,la) ‘7::-?_ . (':L,la) #(o,0).

x

Let ¥ =(t.mb) , where me®R and Y = (o, ).

Then , Y(o) = o) =Co,0) , but

3

= = m -
A £ = lim F e = lim Fek ok l_w i Lom

(ot 4ends +o (0,0 alov\% “he. sbuigl«h line Y=o, n ‘Pmr'bicular ks the x-axis when m=0.)
_LI_V‘V; (f-‘q)({') =+l-l_v‘v;'§¢‘*'€» = L{nf(o,‘h)e hW\ ? = _Ll_v‘n O 0

(ot +ends +to (o,0) d‘on% “the. (3-m<is.)

As (CHN +tends +to (0,0 alov\% cwa s&mi%k&. line , f(x,ta) tends +o o,

However, Tt & NoT e.v\ou%k 4o conclude  lim Ly exists .

(:l..na\ =(o0,®)

Let %) =&, 4). Then Y(o)=(o,0), and

Jim 23060 = lim $Xeen = lim Fee )= fim ++_* =lm L. L
(o, +ends +to (0,0 alov\% “he. 'Faraloolq ca.z-x".)
As Gy tends +o (0.0 dlov\% the. Pambola «6,-1‘, f(x,tg) tends to 4.
-Li-“:o (-f- AT "-&-“:o (-f-\g)c(:) and wal;n:\m‘o) Ly does not exist.
FiVAing Limtts Osiv‘% Polar  Coordinates
Recall :
Let De® , B:(0.0) be a clusker ‘Foiwb ciﬁ D and f:b—ﬂk be a fw‘cﬁon
LeR is said ®o be the lmt of f at B:(o.0), and we wrtte lim (z.«a)=L , .—f

(1.%)»(0,03
-Ym— all €50, there exists S>0 such -that I-f(x,'a\-Lki -fu- all TeD wita c><l<x,(a>-(o,osl<8.

l l

'Ba us\v\g Po(ou- coordinates : I-f(ﬁcose asin®)-Li<e o<lr-olc

"Rquosi'Hev\ 6.3

&.'g)w;b'o)‘f(x.ta)= (W rf ard onl«a_ i‘f ‘_li_:v\o—f(r'cose.r'sinS)-L -for all BeR .




Exa.wcrle 64
3

Flvd lim :" = -
bt.ta)-b(o.o) x 'Ha

3 3 3
fiwn X - lim <988 | [im ros® 0.
GLP-o.0) X *9 o c r=>o

ExawcF(e 6.0

G-, x‘-ua‘ rso

2
line E:ﬂ;: does net exist .
bt.ta)-»(o,o) x 'Ha

N%ebraic FPn:]:er'Eies
'Rchoerw\ 6.4 (N%doru\ic FProrerﬁt’S)

lj *lli?io-fci) =L, ,illv:\%gci) =M, where L, MeR ,then
0 ah_:«%( fetn%@)h _ih_?%fm + ah-'p“i,%m = L+M

2) illg»;«%(fas-%a>3= ‘llt_.;«%fw - .ilﬂv\%%(ﬂ =L-M

3) 4‘-'&,( -jas%eah C _ih_?’o-fci))( ih_.:%%m)- LM

Wt _illv;«%g(i’.)=Mfo, il(_?%(thM:ﬁ

ExamF(e 6.1

lvr(w\rhvel%, as (x,ia) “tends to (o.,0) , bothh « and % are ‘small” and so
Can we prove rt  witdaowut usinﬁ -8 de?(vﬂ'ﬁov\ "Famful\.ah 2

Exercise - Os‘"ﬂ €-38 defwbw\ o shew thak lima x zo , lima
(u.-?—vto.e) (:&.\?—v(o,e)
s c-c ~ all ce®.
(x.v?-o(o,o)
(©)
ina X =zo lm (=1 = limn X4z
(:L,n?-(o,o) (7&.-.9-'(0,'0) &.L?-O(o.o)
®
lim % =0, liwa Y=o = liwa xy:o
(:k.v?—v(o,e) (x.-.?-v(o,o) et.\@-(o,o)
®
liwa xy:o, lime 2 =2 = liwa, xQ-25-2
(:L.n?-o(b,e) (x.\?-a(e,o) &.@a(o,o)
@
lina xg=2a-2, lim etz = [N, < 4 S
Q.\Q—o(o,g) &.\?-ﬂb.o} &.\a)a(o,a) "-‘6‘1

% 2 s,
liva TR < i rms‘e*"\'s"‘ec"se - h"b cot®4+5inBeos®  which derends on © (: {
\ s >

l :§e=o)
o:—fe=3§

liva AL

Qg0 "-‘3*1

4o a~d



Sanduidh “Theovem

Theorem 6.1 (Sanduida Theovem )

Let, DR, ReR be a cluster -Fo‘nwb cf D and f,%,k:b—ﬂk are. tHaree fmctiovxs
3! drere exists r>o such gt g(i‘)sf(i)s‘n(‘i) fw al ReBRIAD and  lim, 96 = lm, hey=L
Idea : Estimake a ‘fwvcﬁon fa) b(a Sowe. fw\cbovxs %ﬁt) and @) that we understand well .

Exa.wcF(e 6.12

Show that i ln 6 ) Sin(———V-0.
o a,.a)::u,o) R J(an-o‘-ua‘

e : ln(-fua) is defmed when x‘-u3>o
Sivx(—) is defmed when (x, (a) #(1,0)

Ne—> +¢3
The shoded reatcm ‘s the maximum  domain

2 . |
of ln(x-\-na) SM(—W ).

_
Nea-o+ ca‘

-1s Sin( ) s -fm— all G #C1,0)
'||V\(1."+Ia)|$ lV\(I"+ta) slln(xzﬂa')l -for all G with £+va>o

||V\(x+|a)|< ln(1+ca) sin( ) = |ln(x’+|a)| -fbr all Gl € R.(1.0) -for some small >0

o Il gl [ S
5 'B‘a sandwida thesrem, &"aitr“m ln(x+ta) Slh(ﬁ) : 0 J |
Remark : Dont werke &"a)hr“lo) Iv\(xﬂa) Sw\(ﬁ)

B TN e o o SR
Since lim  sinC l ) does not exast.

G —>to) Ne-o+ cg‘




Herated Limrts

(0) Jl-:\? C |im 'f(x nas) means 'b:zkm% limre  witda w9, -fks-b fallwed l:xa_ 'thkw\% limre wirtda XL

® ‘aﬁn ( |lm 'f(x -3)) means 'tnkm% limre  wicda x-p -frrs-\: fallwed 'n-a_ 'b:tkm% limre  wictn Y9,

® (x,«a)-(\m%) -Y(x.«a) is o:msldertv\:\ “the behavieur cf -T(:ua) when CIN “ends o P -
Cin ama arbi-b‘:ma wq‘a)

Question : ’Llis:\? ('ali_v;\% 'f(x.-é\) = glr%(ii_v;\r f(x.-a)) = |m 'fb(ﬁa) 2

(’.‘a“"’(?»%)
Y , ¥ A, 3
: ——p—— It
T b [ ©9
i —_—fe—
: >d|
]'> % ]'> e %
le\? C lim -fcx @) ‘Jlr%(‘l"'?l’ 'f(x,‘a\) &l'a!tr?'%) -ftx.ca)
Exme(e 6.3
Lot Fx.u)= ——‘&- .
-f % x93 -flx >
hm C hm 'f(x x&)) = lim C liwn 1_'“&.) ': hw\ 1 = lim 1 =\
X0 X0 90 x-1y Ao % Ao

3 3

Fxy
lim ¢ |lm -fu,@) e b Clim 28y Y T & - b =t = =)
|a-bo la—bo x>0 ,.__‘a_ !a—»o -13 Yo

From exercise 6.3, [ima ‘f(x,ca) does net exist.
(x.ta)-ﬂo,os

Exercise 6.4
I \% -y

Let 'fbmah{ _ Show Haat
o otherwise

) lm(hm ())-‘un(ll ) = o

A->0

Cde:. Show that 432\0 f"‘"&’ . ’!gv;\o f"‘"&’ co.)
b) llM ‘Eb&.ta) doﬁ net exist.
(x,-a\-(o.o)
(Hirtk : Consider Y,cb) = tk,0) and Y=t 4) and show  fim —fmeen £ lim —fm«n D
“*-o0 “*-o0

. Ji“-?f ('ahm -f(x w) = hm%( [ -f'(x ) % (*'a‘hr‘\"@ fﬁx,‘a) exists .



Exercise 6.5 : :
xcos(y) +ycoslizy) ® Ly+o

et -fcx..a>={ 53 T 2 . Show hat
o rg csthreruise

Q) &,%lh-?(o.o\ -fu.ta) o

(Hivrk = Ose -Fo\av- coordinakes )

b) Jiv:\o C hm 'f(x ‘a)) and ‘allv:\o (J_l_g\o 'f(x.ta\) do not exist.

(H\v\‘t. Show trat ‘a‘wo -f(x,‘a) does nok exist fwr all x #o and

Jl-t\o -fcxﬁas does nok exist —fw all y+o )

- (**ali:\(?-z’) f(u,ta) exists 3% ||m ( |im -f(x -3\) E!A%(J}_v:\‘; -f(x,.as) exist

A Swﬁmient condiction -ﬁu- xlll"? (.alfg‘%f“"é’) = ‘JET%(JETF f(""&’) o '3"“\’2’ -ftx IS gven 'aa_
“Theovrem &.2. (Mm-Osaood Theovewm )
I-Tilk%f(x.%\ exists 'Foiwb,oise_ -for auma xaqhi ardd r§ é\xz-g(x\&) covwerﬂes un'rfamha -fw- x#P )

-then all JE'J‘? ('?l‘!v;\%fcx,‘as) , 'ély%("lk\l’ f"‘"&’) ad (""a’liv‘:\‘?'?;’ -ftx,‘a) exst and are equal.




23 Cowt:‘w\m\-ha

Definttion F.1

et DR such Hhat eveny 'Feiv\'t Z.eD s a cluster 'Foiwb c‘? D (so it makes sense o —tok
aloout é‘-’f‘af‘i")' and et ffb—ﬂk.

f is said *o be continuous abt =, f ﬁllrifa) =f(5.’.) .

. Idea: ® ei%»al
4«:’“ifw R
r \
© \'\m‘\'t exists ® k)dl-deﬁned

Tedmical isswe - l-f'r.e"b s nst a cluster Pomt cf D , then -there edsts rso suda daat
B oD = ¢ (& s called an isolated ponst).
-f:])—v'R s alm«as corttivmous  at L .

(K can be seen C.leat'l\a ’frow\ €-8 de?m&iou.)

isolated point q—j} 'I\///////\l
e
D

Definrtion F.2. (2-8 deﬁwtsm)

Let DK, £,eD and let fz’b—»'k. f is said to be continueus ak R, f*

For all g>0, Hhere exsts 8>0 such that H@-fRdl<t Ffor all XD with R-Rl<S
|f —5 I8 conbtinuous at every pert in D, then 5 s said o be a continueus fw\cbev\

(G}

Remack ) : We can see that -trere s no resbriction on o<IR-RAl ,1e. T4 Tt s S'\M?lna
because when =% , (—f@)-f@&l=o<i and so the -?Nst Me%wal'rba is sab\sﬁxec\ Mtow\aﬁcc\llc%.
‘f 2 s a cluster ‘Folwt . (%) means ‘ih:\‘i.f@':f(w ;

otherwise we con choose 8§ 4o be Svﬁdew‘:lta_ small _so Haat TR is the on\\a -FoMt n D

witdh (R -R 1< S, %) s sabs%.ec\ qubama:(:icallca which  means f i contbinuous ak =, .



ExaMFle 3.1
_‘A_-\-z.:_%. ol s
et fu,\a)g { ;e.ﬂg (X,ta)#( )
| ‘f (x.na) =(0.0) .

4 4 2 2

fb& g lia X=X td o [, G406l ) lim  SC-fet=t
& -3)—5(0 o) Gg-0.0) 1*@ >0, -Na

(’a ta)—»(o.e)

liwn fu.\a) . f(o.o) =l and f(x,xa) is_continuous  at (-x.a)r(o,o) .

(u.ta) ->(0.0)

“Theovewn .1
Evena e\ewxe.wtcma fw\ch\on (fw\c-biov\ consbructed —frbm constants , power 'fw\d:’\ov\s ,‘bﬁ%omebr-tc,
inverse. ‘Eﬁaovxevne:‘:ﬁc , ex‘>ovxemt’\a.\ and \o%aﬂ‘ﬂr\mic fwcbov\s ,via addrbion , sWsbraction,

vv\m\-&iPhca'biov\ , division and q,m?osram) 8 continuous ot all ?oivd's at evena -Feivd:
cﬁ s dow\advx.

Exa.mrle 32

f(x,va,z) = +>::ual- 3(62-1- Wz+5 is continuous at zvena 'Folv\-&. in 'R3
s(vx(x-na)

fﬁx,ta) = e

ln Fav"bicu\ar, f 8 continuous at (o.0) and So lima ‘f(x.ca\ -.'g(o,OB

s continuous at e.vena ‘Foivvh n B

('1,«3\-3(0 ,O)
- s(n(x-na) sm(o-c-o\ °
lwn e = =
(-x.ca\-a(o . O)

4
d f(&.\&) =L‘i‘%§ﬁ: 1s coviinuous  at zvena 'Fo‘m-b n B excels’c Co,0).

f('x,xa) = ‘n(l-«-x—t-v.a) s conbtinuous at evena ‘Foiv\'\‘_ (x,c.&)elkl weda l+‘1+(a>0.

“Theovrevn F.2 ( Extreme  \alue Theorem )

Let K be a compact subset of B and let -f:K—vR beqcmbiwm-ﬁmvtﬁm.

Then there exist om ., Xy € K such Haat -itx...\s-fb::s-f(w -for all wek . ie. -f attains  abschate
minimun —and  maximuwn at Some povits Xm. Ane K.

Remark « Note that [a.bl s a compact set, if K:labl 2R, the dbove ~theorem is jest
e extreme value -theorem in Sinﬁ‘e variadble calculus .




EWF[Q 3.3
Let S:t(x..ca,z)e'kaz 'x‘-ha’-\-za'a 13 K.
Let f=s‘->k be a function defined by fouyzexegez.

Exercise : Show -that -f s a continuous fwcbw\ , i.e.il._»:\* 'f&):fw fm- all 2.e< .
Fucthermore , Since S s Cmv\?act , b\a ‘e oxtreme value -theorem ,

f atbans  absdute  minimum  and  maximum at  Some e <.

Question : Well , but how do we '?W\d K4

"Rquosl'bw\ F.4

Let f'—(R“—hIR be a covitiuous fw\ctlov\ and let De® .
Then . the restriction cf f on D, f‘.b:b—'lk cleﬁned b‘a -flbt'i) a=-f(’9.) -ﬁ:r al Xed ,
is alse a corttinious -j\mcb\on.

Eme(e 3.3 (Cowbinue)

Let §=Y(x..a,z)el§= Lege?= 13 <R

Note that 'f'-'R;—-lR deﬁneel b‘a ftz.\a,zhxﬂa-t-z s a continuous fwnctiov\ .
so fle TR x a continuous Fanction.

.Defl‘vﬂ'ﬁon 32 (e-3 deﬁln\‘t‘im)
Let DR, FeD and let f'-'b-»ll{‘. f is said *o be continuous ab =, f
'for al €0, there exists S>0 such that l-fm--j—camkz -f:»’ al XeD wrbdh X-Ll<S

R

However, -ﬁ we  wte '5@.3':"5(1..7:,,---,1.\%(f.(u..,x.,---,x.\). ,(1.,3:,,---,7(.\).---,fuh...x,,---,xn)) ,we lhave :

'Rvacsi'HW\ F2

-f is_comtinuous ot =, \-T and mkarf -Y;a) s conbinuous at T —?7\— =2, e,

precs -
H s«ﬁces +o consider “he case “Hraat T, s a cluster point :sf D.
-f is cortinuous at F, grz'?(’i)Pfﬁ;\
ie. é:lrz('f‘ﬂi),fgi),---,f“@)) MCHC AP AC SPRRRIE A 2D

@é«v_v:z-f:&ﬁfxm —Tor- =2,
<S> fz&) s covikinuous G't.-i: —?7\" =2,




